The dynamic analysis of a one-DOF RSRRR spatial linkage mechanism, including four rotational joints R and one spherical joint S, is presented in the paper. It is assumed that friction occurs in the rotational joints, whereas a spherical joint can be treated as an ideal one. The mechanism in the form of a closed-loop kinematic chain was divided by cut joint technique into two open-loop kinematic chains in place of the spherical joint. Joint coordinates and homogeneous transformation matrices were used to describe the geometry of the system. Equations of the chains" motion were derived using formalism of Lagrange equations. Cut joint constraints and reaction forces, acting in the cutting place-i.e. in the spherical joint, have been introduced to complete the equations of motion. As a consequence, a set of differential-algebraic equations has been obtained. In order to solve these equations, a procedure based on differentiation twice of the formulated constraint equations with respect to time has been applied. In order to determine values of friction torques in the rotational joints in each integrating step of the equations of motion, joint forces and torques were calculated using the recursive Newton-Euler algorithm taken from robotics. For the requirements of the method, a model of a rotational joint has been developed. Some examples of results of the numerical calculations made have been presented in the conclusions of the paper.
Introduction
The Uicker"s doctoral dissertation was the first frequently quoted publication dealing with the dynamic analysis of the spatial linkage mechanism, being the closed-loop kinematic chains [1] . In the proposed method, the equations of motion were formulated on the basis of the Lagrange formalism. The author used here, for the first time, homogeneous transformation matrices which were determined according to an approach presented by Denavit and Hartenberg [2] . As one of the examples, he proposed a dynamic analysis of a two-DOF RSSR classical spatial mechanism containing two one-DOF rotational joints R and two three-DOF spherical joints S. The dynamics of this kind of the mechanism-popular in the technical applications-was also analyzed in later years, among others, by the authors of the publications [3, 4] .
Since that time, the dynamics of spatial linkage mechanisms has been analyzed in many works. As it is stated in publication [5] , there are several different approaches to the dynamic analysis of such mechanisms. One of the main criteria enabling to classify them is a way of taking into account the coordinates determining the mechanism geometry. Many authors use "relative" coordinates. These have some important advantages in comparison to the "relative" and "reference point" coordinates. The subject of the analysis presented in this work is a one-DOF RSRRR spatial linkage mechanism. It has one spherical joint S and four rotational joints R. In the work [7] , a method of the dynamic analysis of this type of the mechanism is presented, but other formalism was used, that is the d"Alembert principle. In the article [8] , a dynamic analysis method of one-DOF PUSR spatial linkage mechanism (where P means a one-DOF prismatic joint and U-a two-DOF universal joint, in fact being a composition of two rotational joints R), presented in the work [9] , has been analyzed. The authors based here on the assumptions included in the works [10] [11] [12] . Both characterized mechanisms, in fact being a family of the spatial linkage mechanisms, contain neither redundant DOF nor passive constraints. They can have a one three-DOF spherical joint and another one-DOF joint.
A Description of the Dynamic Analysis Methods
In the accepted method, friction is taken into account in the all rotational joints R of the mechanism, whereas the spherical joint S is treated as an ideal one. It is assumed that the mechanism is cut in the spherical joint obtaining two open kinematic chains joined with the fixed base. In the cutting place applicable reaction forces acting on the formed chains are introduced. The Denavit-Hartenberg notation is used to describe the geometry of these chains. This notation bases on homogeneous transformation matrices 44  and joint coordinates (defining relative position of links) according to the methodology presented in the work [13] which deals with a description of the geometry of robot manipulators. Since it can be seen easily that the structure of the obtained chains is analogical to the structure of the manipulators, which are modelled in the form of open-loop kinematic chains, thus the procedure regarding formulating equations of the chains" motion can be analogical to the approach which is used in the case of the dynamic analysis of the manipulators. In the accepted method, the equations of the motion of chains are determined by using formalism of the Lagrange equations on the basis of algorithms provided in the monograph [14] . In order to determine unknown reaction forces in cutting place of the mechanism, additional equations of geometrical constraints are formulated. These equations (in the form of algebraic equations of second order) are joined to the equations of motion (in the form of ordinary differential equations of second order) to determine unknown values of these forces. A system of the differential-algebraic equations is formed in such a way. In order to determine the values of joint forces and torques, and then the values of kinetic friction torques, in each integrating step of the equations of motion, additional calculations are performed using the recursive Newton-Euler algorithm presented in the monograph [13] . In practice, solving the differential-algebraic equations is relatively complex and usually, by differentiation twice with respect to time of the algebraic equations of the constraints, a final system of ordinary differential equations is obtained. These equations can be solved by using any numerical methods with a relatively large integration step. If it turns out to be necessary, a method of constraint stabilization can be used to improve accuracy of the results of the numerical calculations [15] .
An Example of the Analysis
As mentioned previously, the described method was used to analyze, taken from the work [7] , a spatial RSRRR linkage mechanism built of four movable links joined with a fixed base. The number of DOF of the mechanism is: 4 6 4 5 3 1      . The driving link of the mechanism is loaded by the driving torque As it is shown in Fig. 2 , the mechanism considered was divided in the place of the spherical joint S, and it The local coordinate systems, formed by right-handed oriented versors, were attached-according to the Denavit-Hartenberg notation-to the particular links (including the fixed base). The fixed coordinate system (1,0), related to the chain 1 , is understood as the global reference system, and the system (2,0), related to the chain 2 , is the auxiliary reference system (Fig. 3) .
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The motion of the link p is described by the joint for the chain 1:
for the chain 2 :
The homogeneous transformation matrices from the local systems attached to the links to the global reference system {1,2} are determined according to the relationship:
where: 
s sin , c cos . f , acting on the chain 1 and 2 respectively, in accordance with the versors" directions of the global reference system {1,0} (Fig. 4) , are applied in the cutting place of the mechanism, and precisely in the symmetry centre S of the spherical joint S.
A Synthesis of the Equations of Motion and an Algorithm of Their Solution
The equations of motion of both open-loop kinematic chains were formulated on the basis of Lagrange equations using the algorithm presented in monograph [14] : ( 
1, , A system of seven ordinary differential equations is obtained which not only contain unknown components of the acceleration vectors (1, 1) q  and (2, 3) q  but also unknown components of the vector S f .
All these unknown values are determined by using the Gauss elimination method. The system of four differential equations, related to determining the components of the acceleration vectors (1, 1) q  and (2, 3) q  , is solved by the Newmark method with iterative procedure. As mentioned, in order to calculate the values of kinetic friction torques in the particular joints, in each integrating step of the equations of motion, additional calculations are performed using the recursive Newton-Euler algorithm presented in the monograph [13] . In principle, this algorithm is used to calculate joint forces and torques in rotational and 
cubic function [24, 25] . In the case of this paper, the kinetic friction characteristic, presented in Fig. 7 , was taken into account:
The procedure assumed, including the calculations carried out in the scope of the static and dynamic analysis of both open-loop kinematic chains, is presented in Fig. 8 .
Numerical Calculation Results
The geometrical parameters of the particular links and the journals (bearing liners) of the joints, and also the kinetic friction characteristic are presented in Table 1 .
It has been assumed that at the initial moment of the mechanism motion, the symmetry axes of all its links are in the vertical plane (Fig. 9) .
The assumed time courses of the value of the driving torque (1, 1) dr t and the resistance torque The obtained time courses of the joint coordinates and velocities are shown in Fig. 11 , while the time courses of the joint forces and torques are shown in Fig. 12 -both in the case when friction in the joints was taken into account and was omitted. It can be observed that the angular velocity of the driving link oscillates around the assumed value This value-in compliance with paper [22] -is to provide that if 
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The analysis of the plots presented allows to state that friction significantly slows down the courses (the values of quantities presented in the case of the joints with friction were achieved later than in the case of ideal joints).
Conclusions
The dynamic analysis of the selected RSRRR spatial linkage mechanism with friction in rotational joints is presented in the article. This mechanism can be qualified to a specific family of the spatial 
